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ABSTRACT
On the surface of a rapidly rotating neutron star, the effective centrifugal force decreases the effective
acceleration due to gravity (as measured in the rotating frame) at the equator while increasing the
acceleration at the poles due to the centrifugal flattening of the star into an oblate spheroid. We
compute the effective gravitational acceleration for relativistic rapidly rotating neutron stars and
show that for a star with mass M , equatorial radius Re, and angular velocity Ω, the deviations of the
effective acceleration due to gravity from the nonrotating case take on a universal form that depends
only on the compactness ratioM/Re, the dimensionless square of the angular velocity Ω
2R3e/GM , and
the latitude on the star’s surface. This dependence is universal, in that it has very little dependence
on the neutron star’s equation of state. The effective gravity is expanded in the slow rotation limit to
show the dependence on the effective centrifugal force, oblate shape of the star and the quadrupole
moment of the gravitational field. In addition, an empirical fit and simple formula for the effective
gravity is found. We find that the increase in the acceleration due to gravity at the poles is of the
same order of magnitude as the decrease in the effective acceleration due to gravity at the equator for
all realistic value of mass, radius and spin. For neutron stars that spin with frequencies near 600 Hz
the difference between the effective gravity at the poles and the equator is about 20%.
Subject headings: stars: neutron — stars: rotation — relativity — pulsars: general
1. INTRODUCTION
Slowly rotating neutron stars have properties that show a surprising universality that appear to be independent of
the equation of state (EOS): given a neutron star’s moment of inertia, a simple formula then determines the star’s
quadrupole moment and tidal Love number (Yagi & Yunes 2013a,b). This type of universal relation has been extended
to the star’s ellipticity (Baubo¨ck et al. 2013) and to rapidly rotating neutron stars (Doneva et al. 2014; Yagi et al.
2014). These “I-Love-Q” relations have only an implicit dependence on the EOS: the EOS limits the possible values
of mass and radius that a star with given spin may have. Once the mass, radius and spin are determined, the other
properties are determined through the universal relations. In other words, the EOS limits the values the star’s moment
of inertia may take, but once this is known, the I-Love-Q relations determine the Love number and quadrupole moment.
In this paper, we derive equations for the effective acceleration due to gravity on the surface of a rapidly rotating
neutron star that only have an implicit dependence on EOS. The effective acceleration due to the gravity, also known as
the effective gravity, is an important property in astrophysics, and is required in many applications, such as atmosphere
modeling (Heinke et al. 2006; Suleimanov et al. 2011), X-ray bursts (Spitkovsky et al. 2002; Cooper & Narayan 2007),
and Eddington limited X-ray bursts (O¨zel 2013). The results in this paper can be applied to any neutron star spinning
with a frequency less than the break-up limit, however the results are most relevant for the stars that spin with
frequencies above approximately 500 Hz. There are at least 15 accretion and rotation powered neutron stars with
spins in this range (Watts 2012; Papitto et al. 2014).
The I-Love-Q relations could be derived by first noting that the expressions for moment of inertia I, Love number
and quadrupole moment q depend only (after spin is factored out) on the dimensionless compactness ratio, defined by
x =
M
Re
(1)
where Re is the radius of the star’s equator as measured using the Schwarzschild radial coordinate. We use geometric
units where G = c = 1. If we have a function for the moment of inertia of the form I(x), this can (assuming good
mathematical behaviour) be inverted to form an equation for the compactness of the form x(I). If we have an equation
for q that is also of form q(x), then this is equivalent to the universal form q(I). In this way, a formula for any quantity
that depends only on the compactness can be thought of as universal. The introduction of rapid rotation requires the
introduction of another dimensionless ratio, the dimensionless angular velocity Ω¯,
Ω¯ = Ω
(
R3e
M
)1/2
. (2)
Properties of a rotating star that depend only the two dimensionless ratios are universal in the following sense: given
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2an EOS, the possible values of the two ratios are determined. Once values for x and Ω¯ are known, then the property
of the star is known with only an implicit dependence on the EOS. This type of universality has previously been
noted for the star’s oblate shape (Morsink et al. 2007), and the universality has been an important feature allowing
the extraction of mass-radius constraints for accretion-powered pulsars (Morsink & Leahy 2011; Leahy et al. 2011).
In this paper, we derive the dependence of the effective gravity on the two dimensionless parameters and show that
it too has a universal nature that is almost independent of the equation of state. This universality allows us to find a
simple empirical formula for the effective gravity.
In Section 2 we introduce the metric for rotating stars, as well as the slow rotation expansion of the metric. The
parametrized expansion that we use to construct universal relations is introduced in Section 3 and applied to the
moment of inertia, quadrupole moment and stellar oblateness, since these quantities will be required in the computation
of the effective gravity. The derivation of the formula for the effective gravity is made in Section 4 and universal nature
of its dependence on the dimensionless parameters demonstrated. In Section 5, the slow rotation expansion is applied
to the formula for the effective gravity in order to aid the intuition in how it depends on the moment of inertia,
quadrupole moment and oblate shape. In Section 6 we derive a simple empirical formula for the effective gravity on
the surfaces of rapidly rotating stars. Finally, we conclude in Section 7 with a discussion of astrophysical applications.
2. ROTATING RELATIVISTIC STARS
The metric for a stationary, axisymmetric rotating star can be written using the metric (Butterworth & Ipser 1976)
ds2 = −e2νdt2 + r¯2 sin2 θB2e−2ν(dφ − ωdt)2 + e2ζ−2ν(dr¯2 + r¯2dθ2), (3)
where metric potentials ν,B, ζ, and ω are functions of the coordinates r¯ and co-latitude θ. A circle around the star
in the equatorial plane has circumference 2pir, where the circumferential radius r is related to the coordinate r¯ by
(Friedman et al. 1986)
r = Be−ν r¯. (4)
In the limit of zero rotation, the coordinate r reduces to the Schwarzschild radial coordinate, while r¯ reduces to the
isotropic Schwarzschild radial coordinate,
lim
Ω→0
r = r¯
(
1 +
M
2r¯
)2
. (5)
For more details about the coordinates and metric for rapidly rotating neutron stars see Friedman & Stergioulas (2013).
Given a perfect fluid equation of state, the Einstein field equations can be solved numerically (Cook, Shapiro, & Teukolsky
1994) for the metric potentials. All computations in this paper are done using the Rapidly Rotating Neutron Star
(RNS) code3 (Stergioulas & Friedman 1995). We made use of a very fine computational grid with 301 angular divi-
sions and 801 radial divisions in order to obtain good precision in the values for the stars’ parameters (such as the
quadrupole moment).
2.1. Slow Rotation Approximation
The Hartle (1967) slow rotation approximation is an expansion of the metric in powers of Ω¯, keeping terms up to
order Ω¯2. For the purpose of this paper, we consider values of Ω¯2 < 0.1 to represent slow rotation, although it is not
incorrect to make use of the slow rotation approximation for higher values of Ω¯2. For realistic equations of state, most
neutron stars with mass (M > 1.0M⊙) and spin (ν⋆ < 700 Hz) have Ω¯
2 ≤ 0.1.
In the limit of zero spin, the Butterworth & Ipser (1976) metric reduces to the isotropic Schwarzschild metric. This
limit will be denoted with the subscript “0” so that the metric potentials are
eν0 =
(
1− M
2r¯
)(
1 +
M
2r¯
)−1
=
(
1− 2M
r
)1/2
(6)
B0 = e
ζ0 =
(
1− M
2r¯
)(
1 +
M
2r¯
)
(7)
ω0=0. (8)
The lowest order terms in the series expansions for the metric potentials are (Butterworth & Ipser 1976; Friedman & Stergioulas
2013)
ν= ν0 + Ω¯
2ν2 = ν0 + (
β
3
− qP2(cos θ))
(
M
r¯
)3
+O
(
Ω¯2 ×
(
M
r¯
)4)
(9)
B=B0 + β
(
M
r¯
)2
+O(Ω¯4)×O
(
M
r¯
)4
(10)
3 Code available at http://www.gravity.phys.uwm.edu/rns/
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ω=
2j
r¯
(
M
r¯
)2(
1− 3
(
M
r¯
)
+O
(
M
r¯
)2)
+O(Ω¯3) (11)
ζ= ζ0 + Ω¯
2ζ2 = ln(B0) + β
(
4
3
P2(cos θ)− 1
3
)(
M
r¯
)2
+O(Ω¯2)×O
(
M
r¯
)4
, (12)
where the leading order terms in the post-Newtonian expansions for ν, ω, and ζ are displayed. The dimensionless
constants j, q, and β characterize the solution. The dimensionless quantity j is the ratio J/M2, where J is the star’s
angular momentum. The dimensionless quantities q and β are the dimensionless moments of the energy density and
pressure and are related to the Butterworth-Ipser quantities ν˜2 and B˜0 by q = −ν˜2/M3 and β = 14 + B˜0/M2. Both q
and β are O(Ω¯2), while j is O(Ω¯).
3. PARAMETRIZED EXPANSIONS FOR NEUTRON STAR PROPERTIES
Many properties of a relativistic star follow universal formulae (Yagi & Yunes 2013b; Baubo¨ck et al. 2013; Doneva et al.
2014; Pappas & Apostolatos 2013) that do not explicitly depend on the equation of state. Instead, given a value for
the star’s moment of inertia, the quadrupole moment is given by a simple formula that is (within small error limits)
independent of the equation of state. This is equivalent to stating that the star’s properties (such as moment of
inertia or quadrupole moment) only depend explicitly on the star’s compactness x = MR and the dimensionless angular
velocity Ω¯, as was found earlier for the star’s oblate shape (Morsink et al. 2007; Baubo¨ck et al. 2013). There is still
a dependence on the EOS, but this dependence is implicitly defined: the EOS determines what values of M and R
are allowed given an angular velocity Ω. Once M , R, and Ω are known, the dimensionless parameters x and Ω¯ are
determined.
The neutron star’s properties can be split into primary and secondary properties. The primary properties are the
mass, equatorial radius, and the angular velocity. Any equation of state provides a unique relation between the three
primary properties. From the 3 primary properties, the two dimensionless ratios x and Ω¯ can be constructed. Given
an EOS, there is then a range of possible values for the two dimensionless ratios. The secondary properties, such as
moment of inertia, Love number, quadrupole (and other) moments, oblateness, acceleration due to gravity, etc, have
a dependence only on x and Ω¯. A similar universal relation has been found for the orbital frequency of a particle at
the innermost stable circular orbit (Kluzniak et al. 1990), although they express the frequency in terms of the angular
momentum (or equivalently moment of inertia) instead of Ω¯. Calculations of the mass-shed limit have shown that a
universal formula can predict the fastest allowed spin frequency as well (Haensel & Zdunik 1989; Friedman et al. 1989;
Lasota et al. 1996). However, the dependence of the maximum spin frequency on x and Ω¯ is not directly shown in
these formulae.
The dependencies of these secondary properties on the two dimensionless ratios do depend on the EOS, but only
very weakly, so that it is possible to create very good approximate formulae for the secondary properties. The
approximate formulae for the secondary properties are found by (1) choosing a library of representative EOS; (2)
computing neutron star models numerically for a reasonable range of mass, radius and spin values for the EOS; (3)
computing the dimensionless ratios and the desired secondary properties; and (4) finding the best fit approximations
for each property.
For our approximate formulae, we choose a library of representative EOS that span the range of stiffness allowed
by observations. The approximate formulae do depend on the choice of EOS, but the errors introduced are small. We
explore this dependence in our computations for the moment of inertia. Our library of EOS includes the following: a
hadronic EOS (BBB2) (Baldo et al. 1997); an EOS (APR) making use of an effective 3-particle scattering potential and
first order special relativistic corrections (Akmal et al. 1998); a hybrid quark-hadronic EOS (ABPR1) (Alford et al.
2005); a hyperon (H4) EOS (Lackey et al. 2006); and the set of softest (HLPS1), mid-range (HLPS2), and stiffest
(HLPS3) EOS consistent with modern nuclear interaction theory, computed by Hebeler et al. (2013). All of these EOS
meet the requirement that they allow a 1.93 M⊙ neutron star, as observed by Demorest et al. (2010). For each EOS,
we compute models with masses between 1.0M⊙ and the maximum mass star allowed by the EOS. Rotation rates
up to the mass-shed limit are computed. However, for the parametrized fits given in this section, only models with
Ω¯2 ≤ 0.1 are used. The total number of stellar models computed is on the order of 39,000 with approximately 5,000
models having parameters in the slow rotation range. We restrict the fits (in this section) to the slow rotation limit,
since many of the parameters, such as q and β are defined only through an expansion in Ω. In addition, we require a
consistent set of fits for these parameters in the slow rotation limit in order to compare with the acceleration in the
same limit.
The star’s moment of inertia I is parametrized by
I = i(x, Ω¯)MR2e, (13)
where i(x, Ω¯) is a dimensionless function to be determined by a least-squares fitting procedure. Making use of the
definition of angular momentum, the relation between j and Ω is
j =
J
M2
= i(x, Ω¯)ΩM
(
Re
M
)2
= i(x, Ω¯)Ω¯
√
Re
M
. (14)
4Table 1
Expansion Coefficients for Slow Rotation (Ω¯2 ≤ 0.1)
Equation ao a1 a2 σ Comments
i x1/2(a0 + a1x+ a2x2) 1.1035 -2.146 4.5756 Baubo¨ck et al. (2013)
i x1/2(a0 + a1x+ a2x2) 1.136± 0.6% −2.53 ± 2.3% 5.6± 2.1% 0.01 Equation (15)
q Ω¯2(a2/x2) −0.11± 0.1% 0.01 Equation (17)
β a1Ω¯2x 0.4454 ± 0.1% 0.0005 Equation (19)
o2 Ω¯2(a0 + a1x) −0.788± 0.2% 1.030 ± 0.5% 0.001 Equation (21)
We find that the simplest consistent fit for the moment of inertia is the function
i(x, Ω¯) = x1/2(i0 + i1x+ i2x
2), (15)
consistent with the results of Baubo¨ck et al. (2013) who fit the moment of inertia using the slow rotation approximation.
The in coefficients are shown in Table 1. An error estimate, the RMS summed square of the residuals, labelled as σ,
is given in Table 1, defined as
σ =
(
1
N − nΣ
N
i=1(i(x, Ω¯)− ii)2
)1/2
, (16)
where i(x, Ω¯) is the model given in Equation (15), ii is the moment of inertia of the ith stellar model, N is the number
of stellar models and n is the number of free parameters in the fit. The error in computing the moment of inertia for
a particular model is very small: when we double the computation grid used by RNS, the change in ii is less than
0.01%. However, when we make use of the model in Equation (15) we are assuming that all EOS can be described by
exactly the same set of parameters. The standard deviation σ is a measure of how much the different EOS deviate
from the universal form, and we expect that σ will be larger than the computational error in calculating one star’s
parameters. For the moment of inertia fit, σ = 0.01, while typical values of the dimensionless moment of inertia are
approximately 0.4, leading to about 3% error in computing the moment of inertia using the empirical formula.
Each coefficient in Table 1 has an error estimate, expressed as a percent of the coefficient value. This fit-coefficient
percent error is derived from the value of σ, so it is not an independent error estimate. The values of the coefficients
computed by Baubo¨ck et al. (2013) and the present paper agree within 5% of each other. The 5% difference is mainly
due to the different choices of EOS used in the approximation. However, since the coefficients are multiplied by
small numbers, the actual difference in the inertia values are much smaller. For instance consider a model with
x = M/Re = 0.1. If the dimensionless moment of inertia is computed with both sets of empirical fitting coefficients,
the difference between the computed values is only 0.5%, which is surprising good considering that a different set of
EOS were used in the two computations.
One expects there to be a dependence of the moment of inertia on the dimensionless angular velocity, since the
star’s equatorial radius increases as the spin increases. However, since the radius R used in our approximation is the
equatorial radius of the spinning star, most of this dependence is already included in the R2 dependence of equation
(13).
Laarakkers & Poisson (1999) computed the values for q, the coordinate non-invariant dimensionless quadrupole
moment. They found the scaling q = a(M, eos)j2, where the parameter a(M, eos) depends on mass and the equation
of state. A simple approximation for q that depends only on x and Ω¯ is
q(x, Ω¯) = Ω¯2(
q2
x2
) (17)
where the coefficient q2 is shown in Table 1. The meaning of the error estimates are the same as for the moment
of inertia errors. This expression has the same leading order behaviour as suggested by the simple scaling found by
Laarakkers & Poisson (1999).
The coordinate invariant quadrupole moment is the combination of terms (Pappas & Apostolatos 2012)
qinv =
(
q +
4
3
β
)
. (18)
The parameter β is generally small compared to q, and is related to the difference in circumference between circles
of constant r¯ circling the equator or the poles. The ratio β/q was computed in Morsink & Stella (1999) where it was
tabulated as the parameter ζ = 100/3× β/q. This ratio is fairly small and only reaches the 10% level for stars near
the maximum allowed mass. The simplest parametrization for the coefficient β that we find is
β = β1Ω¯
2x, (19)
where the coefficient β1 is given in Table 1.
The oblate shape of the star was calculated using a Legendre polynomial expansion by Morsink et al. (2007). Here
we recompute the oblate shape using a slightly different EOS library, and using an equivalent expansion in powers of
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cos2 θ. This expansion for the star’s oblate shape is
R(θ) = Re
(
1− (Re −Rp)
Re
cos2 θ
)
= Re
(
1 + o2(x, Ω¯) cos
2(θ)
)
, (20)
where Rp is the radius of the star along the spin axis, and the expansion coefficient have the form
o2 = Ω¯
2(o20 + o21x). (21)
The on coefficients are within 3% of the values computed by the older Morsink et al. (2007) paper, once the trans-
formation between Legendre polynomials and powers of cos2 θ have been made. There are two reasons for the small
differences: the older paper made use of many softer EOS that have since been ruled out; the approximation in this
paper only makes use of data for slow rotation, and in the older paper we did not enforce the identity R(pi/2) = Re.
4. ACCELERATION DUE TO GRAVITY ON A ROTATING STAR
4.1. Newtonian Physics
The equation of hydrostatic equilibrium in Newtonian physics is dP/dr = −gρ where g is the acceleration due
to gravity. On the surface of a non-rotating star, g = GM/R2. The generalization of the equation of hydrostatic
equilibrium in a rotating frame is ∇P = −ρg where the effective g is defined by (Tassoul 1978)
g = −∇Φe = −∇
(
Φ− 1
2
|Ω× r|2
)
(22)
where Φ is the gravitational potential and Φe is the effective potential in a rotating frame. Since the effective accelera-
tion due to gravity can be derived from a potential, the vector g is normal to surfaces of constant pressure and density
(which coincide). The magnitude of the effective acceleration on the surface of the star is then g = n · g, where n is
the unit normal to the surface.
The surface of a rotating star is a function of co-latitude, R(θ), found by solving the stellar structure equations. For
slow rotation, the surface function has the form given by Equation (21). The angle γ, defined to be the angle between
the normal to the surface, n and the radial direction r is given by
cos γ =
(
1 +
(
1
R
dR
dθ
)2)−1/2
. (23)
Since departures from sphericity are of order Ω¯2, it follows that γ ∼ O(Ω¯2). The normal to the surface can be written
in terms of the radial and tangential unit vectors for spherical coordinates as n = cos γr+ sin γθ. With this definition
for the normal to the surface, the effective gravity is
g = − cosγ ∂Φe
∂r
− sin γ 1
r
∂Φe
∂θ
. (24)
For slow rotation in Newtonian physics, the gravitational potential is
Φ(r, θ) = −GM
r
− GΦ2
r3
P2(cos θ) +O(Ω¯4) (25)
where Φ2 is the quadrupole moment which is Φ2 ∼ O(Ω¯2). We are using a sign convention where Φ2 is negative for
oblate stars.
Given these definitions, for a slowly rotating Newtonian star, the effective gravity is
g =
GM
R2e
(
1− Ω¯2 sin2 θ + 3Φ2
MR2e
P2(cos θ) + 2
(Re −Rp)
Re
cos2 θ
)
. (26)
This equation for the effective gravity includes the reduction in gravity at the equator due to the effective centrifugal
force, the gravitational quadrupole moment that increases the gravity at the equator and reduces it at the poles, and
the increase in the gravity at the poles due to the oblate shape of the star.
4.2. Acceleration in General Relativity
The equation of hydrostatic equilibrium in general relativity is derived by taking the equation for the conservation
of the energy-momentum tensor ∇βTαβ = 0 and projecting the equation into the subspace perpendicular to the fluid
world lines (Friedman & Stergioulas 2013). The fluid world lines for a rotating star are described by the four-velocity
uα
uα = N(tα +Ωφα) (27)
where tα and φα are the timelike and rotational killing vectors and the normalization function N is defined through
the normalization relation uαuα = −1. Given a spacetime metric gαβ , the tensor qαβ , defined by qαβ = gαβ + uαuβ
6projects tensors into the subspace perpendicular to the fluid four-velocity. The projection of the conservation law,
qαγ∇βT βγ = 0 leads to the equation of hydrostatic equilibrium qβα∇βp = −(ρ+ p)uβ∇βuα = −(ρ+ p)aα where aα is
the fluid’s acceleration vector. In the case of the four-velocity (27), the acceleration is simply
aα = −∇α ln(N), (28)
which is again, a vector normal to the star’s surface (Friedman & Stergioulas 2013). The magnitude of the acceleration
vector is the quantity that is identified with the effective acceleration due to gravity
g = a = (gαβaαaβ)
1/2. (29)
4.2.1. Non-rotating Star
In the case of a non-rotating star (Ω = 0), the metric exterior to the star’s surface (at radius R) is given by the
Schwarzschild metric
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2. (30)
Plugging the Schwarzschild metric into equations (27 - 29), the acceleration due to gravity is
g0 =
M
R2
1
(1 − 2MR )1/2
. (31)
Thorne (1967) derives this formula using a more intuitive approach involving the definition of buoyancy.
4.2.2. Rotating Star
It is convenient to define (Butterworth & Ipser 1976) a velocity V by
V = r¯Be−2ν(Ω− ω) sin θ (32)
where V is interpreted as the 3-velocity of a fluid element in the star as measured by a zero angular momentum observer
at infinity. Given the definitions (3) and (32), the acceleration vector (28) in the Butterworth-Ipser coordinate system
is
aα =
∂ν
∂xα
− V
1− V 2
∂V
∂xα
. (33)
The coordinate-independent effective surface gravity is then
g = eν−ζ
(
a2r¯ +
(aθ
r¯
)2)1/2
. (34)
where all quantities are evaluated on the star’s surface. This is equivalent to the formula used by Cumming et al.
(2002) to compute the effective gravity at the equator of a rotating neutron star.
A dimensionless effective surface gravity g/g0 can be computed for a rapidly rotating star, where g is given by
Equation (34) and g0 is defined by Equation (31), where R is the radius at the equator of the rotating star. A few
representative models have been computed using two EOS: APR and HLPS2. The basic properties of the models are
shown in Tables 2 and 3, including the value of g/g0 at the equator and the poles. Parameters were chosen so that
all models have one of 3 values of the dimensionless equatorial compactness ratio M/Re and one of 4 values of the
dimensionless angular velocity Ω¯. For both EOS, the models with Ω¯2 close to 1.0 are spinning with just a few Hz
below the mass-shed limit. The models with M/Re = 0.320 are close to the maximum mass limits for both EOS. The
models in these two tables have the property that two stars with different EOS but the same values of M/Re and
Ω¯2 have very similar values for the dimensionless effective surface gravity at the poles and at the equator. Absolute
differences between values for the effective gravity for two models are typically less than 0.03 (compared to 1.0 for a
non-rotating star).
The similarity between the effective gravity at other latitudes for models with differing EOS but the same values of
M/Re and Ω¯
2 are shown in Figures 1 and 2. In Figure 1 we show plots of the dimensionless effective surface gravity
versus cos(θ) on the surface of the star for the models with a fixed value of M/R = 0.195 as listed in Table 2. The
equator corresponds to cos(θ) = 0 while the spin axis corresponds to cos(θ) = 1. Due to the choice of normalization,
a non-rotating star’s acceleration due to gravity will be represented by a horizontal line at g/g0 = 1. As the angular
velocity increases, the curves deviate more from a horizontal line. In the extreme cases of the models that are just
below the mass shed limit, the effective acceleration is very close to zero at the equator as would be expected by the
definition of the mass-shed limit.
The universal behaviour of the effective acceleration can be seen in Figure 1. Consider two curves with the same
line style. These two curves represent models computed with different EOS and different values of mass, radius and
spin frequency. However, the two curves have the same value of the dimensionless parameters M/Re and Ω¯
2. In the
cases of the two lowest values of Ω¯2 = 0.1, 0.3, the curves are almost indistinguishable. For the two higher spin models,
the difference between the two curves can be seen by eye, but is still small. If models computed with other EOS but
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Table 2
Representative Neutron Star Models with M/Re = 0.195
EOS M Re M/Re ν⋆ Ω¯2 ge/g0 gp/g0
M⊙ km Hz
HLPS2 1.69 12.8 0.195 529 0.10 0.936 1.088
HLPS2 1.80 13.6 0.195 842 0.30 0.796 1.257
HLPS2 1.99 15.1 0.195 1084 0.60 0.516 1.544
HLPS2 2.27 17.1 0.195 1223 0.99 0.011 2.019
APR 1.55 11.7 0.195 568 0.10 0.935 1.087
APR 1.65 12.5 0.195 923 0.30 0.787 1.264
APR 1.82 13.7 0.195 1190 0.60 0.502 1.560
APR 2.05 15.5 0.195 1350 0.98 0.012 2.041
Table 3
Representative Neutron Star Models with Ω¯2 = 0.3
EOS M Re M/Re ν⋆ Ω¯2 ge/g0 gp/g0
M⊙ km Hz
HLPS2 1.23 13.4 0.135 718 0.30 0.775 1.283
HLPS2 1.80 13.6 0.195 842 0.30 0.796 1.257
HLPS2 2.68 12.3 0.320 1199 0.30 0.812 1.205
APR 1.16 12.6 0.135 763 0.30 0.769 1.287
APR 1.65 12.5 0.195 923 0.30 0.787 1.264
APR 2.37 10.9 0.320 1351 0.30 0.809 1.207
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Figure 1. Normalized effective acceleration due to gravity versus angular position on the star for a fixed compactness ratio ofM/R = 0.195.
Plots for a few different representative stellar models computed with EOS HLPS2 (black curves) and APR (red curves) are shown. Curves
are labelled by the value of the square of dimensionless angular velocity. A non-rotating star would be represented by a horizontal line
with g/g0 = 1.0. All curves have the basic characteristic that the effective acceleration is smallest at the equator (cos θ = 0) and largest at
the poles (cos θ = 1). As the angular velocity increases, there is an increase in the deviation from unity. Curves with the same value of Ω¯2
have very similar shapes. See Table 2 for the values of the physical parameters for these models.
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Figure 2. Normalized effective acceleration due to gravity versus angular position on the star for a fixed angular velocity squared ratio
Ω¯2 = 0.3. Plots for a few different representative stellar models computed with EOS HLPS2 (black curves) and APR (red curves) are
shown. Curves are labelled by the value of the dimensionless compactness ratio M/R. As the compactness increases, the relative change
in the acceleration from pole to equator decreases. See Table 3 for the values of the physical parameters for these models.
with the same values of the two dimensionless parameters were plotted, their effective acceleration curves would also
be very similar to those chosen for this plot.
A similar comparison for stars with fixed Ω¯2 is shown in Figure 2. The physical parameters for stellar models with
Ω¯2 = 0.3 and varying values of M/Re are shown in Table 3. A range of compactness ratios allowing reasonably low-
mass stars (M/R = 0.135) to models close to the maximum mass limit (M/R = 0.320) are shown. The dependence
of the effective acceleration on M/R is not as strong as the dependence on Ω¯2. In Figure 2, two curves for stars with
the same value of M/R and Ω¯2 but different EOS are shown with the same line style. The difference between the two
EOS curves can be seen by eye (due to the scale of the axes on this plot). The difference in curves due to changes
in EOS (for the same M/R) is smaller than the difference in curves due to changing the value of M/R (keeping EOS
fixed), especially at high latitudes. Similar curves will result if different EOS are used.
5. SLOW ROTATION APPROXIMATION FOR THE EFFECTIVE GRAVITY
The slow rotation approximation for the effective gravity can be computed by substituting the slow rotation expansion
for the metric, equations (6 - 12) into the relativistic equations for the acceleration, (32 - 34) and keeping terms up
to and including O(Ω¯2). This procedure can be simplified by noting that the angular component of the acceleration
vector, aθ = O(Ω¯2), while the radial component has both terms that are order unity and second order in Ω¯. As a
result, equation (34) reduces to g = eν−ζar¯+O(Ω¯4). In addition, the definition of the velocity in equation (32) is first
order in Ω, so the first order approximation
V1 = r(1 − 2M
r
)−1/2Ω sin θ
(
1− ω
Ω
)
, (35)
where V = V1+O(Ω¯3) can be used in equation (33). It should be remembered that ω/Ω is of order unity. This allows
the expansion of the effective gravity to 2nd order in Ω¯,
g= eν0−ζ0
(
1 + Ω¯2(ν2 − ζ2) +O(Ω¯4)
)× (dν0
dr¯
+ Ω¯2
dν2
dr¯
− V1 ∂V1
∂r¯
+O(Ω¯4)
)
(36)
= eν0−ζ0
(
dν0
dr¯
− V1 ∂V1
∂r¯
+ Ω¯2
dν2
dr¯
+ Ω¯2
dν0
dr¯
(ν2 − ζ2) +O(Ω¯4)
)
. (37)
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This then suggests the convenient, although not coordinate invariant, split of the effective gravity into
g = g0 + ac + aq + ao, (38)
where g0 is the acceleration due to gravity on the surface of a non-rotating star with the same mass and equatorial
radius as the spinning star, ac is the centrifugal acceleration, aq is the correction due to mass-energy and pressure
quadrupoles, and ao is the correction due to the oblate shape of the star.
The non-rotating term is easily found to be
g0 = e
ν0−ζ0
dν0
dr¯
=
M
R2e
1
(1− 2MRe )1/2
, (39)
where equations (6 - 8) are used.
The effective centrifugal acceleration is defined by
ac=−eν0−ζ0V1 ∂V1
∂r¯
(40)
=−g0Ω¯2 sin2 θ
(
1− ω
Ω
)( (1− 3M/Re)
(1− 2M/Re)
(
1− ω
Ω
)
−
(
1− 2M
Re
)−1/2(
r¯∂ω
Ω∂r¯
))
, (41)
where some algebra is needed to go from definition (40) to (41). The factor (1 − 3M/Re) has been derived and
discussed in detail by Abramowicz (1992), while the terms containing ω and ∂r¯ω are equivalent to the 2nd and 3rd
terms appearing in the equation for the critical force calculated by Lamb & Miller (1995) (see their equation (36)).
Equation (41) is exact for all values of R, but it is possible to do a post-Newtonian expansion simplify it. We have
found that it is necessary to keep terms of order x2 = (M/Re)
2 in order to capture the correct dependence of the
centrifugal term for the most compact stars. To this order, the centrifugal term is
ac = −g0Ω¯2 sin2 θ
(
1 + x (−1 + 2i) + x2 (−2 + 4i− 8i2)+O(x)3) , (42)
where the dimensionless moment of inertia function i(x, Ω¯) defined in equation (15) has been used.
The quadrupole correction term is
aq = e
ν0−ζ0
(
Ω¯2
dν2
dr¯
+ Ω¯2
dν0
dr¯
(ν2 − ζ2)
)
. (43)
Substituting in the slow rotation expansions (6 - 12) we find that the quadrupole correction term is
aq = g0x
2
(
qP2(cos θ)
(
3
√
1− 2x− x)(Re
R¯e
)3
− 2β cos2 θ
(
Re
R¯e
)2)
, (44)
where R¯e is the equatorial radius of the star in isotropic coordinates. Since q is negative, this leads to an increase in
the acceleration on the equator and a decrease at the poles.
The oblateness correction term corrects for the oblate shape of the star. In the slow rotation approximation, it is
sufficient to define this as the difference between the acceleration term for a non-rotating star evaluated at any angle
θ from the pole and the equatorial acceleration,
ao=
M
R2(θ)
1√
1− 2M/R(θ) −
M
R2e
1√
1− 2M/Re
(45)
=
M
R2e
1√
1− 2M/Re
((
Re
R(θ)
)2(
1 +
2M(1/R(θ)− 1/Re)
1− 2M/R(θ)
)1/2
− 1
)
(46)
=
M
R2e
1√
1− 2M/Re
(Re −R(θ))
Re
(
2 +
2M
Re
× 1
1− 2M/Re
)
+O(Ω¯4). (47)
Since the radial distance to the surface, R(θ) is always smaller than the equatorial radius, the oblateness correction
increases the effective acceleration at latitudes above the equator, as would be expected.
This split of the acceleration into quadrupole and oblate terms is not coordinate invariant, since coordinate trans-
formations that mix the radial and polar angular coordinate will change the size of the oblate corrections and the
quadrupole correction terms. However, the combination of terms is coordinate invariant.
Consider the relative magnitudes of the different contributions to the surface gravity. The leading order correction due
to the ”centrifugal” force is −g0Ω¯2 sin2 θ while the leading order contribution from the oblate shape is 1.6g0Ω¯2 cos2 θ,
so the oblate shape introduces an increase to the effective acceleration at the pole that is similar in magnitude to the
decrease in the effective acceleration at the equator. Since the leading order contribution to the quadrupole moment
is q ∼ −0.1Ω¯2(R/M)2, the acceleration correction due to the mass quadrupole is − 0.3g0Ω¯2P2(cos θ), which is about
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Table 4
Expansion Coefficients for the Effective Gravity for Slow Rotation. See
Equation (49) for definitions.
Quantity Equation c0(e,p) c1(e,p) σ
ceΩ¯2 (c0(e) + c1(e)x)Ω¯
2 −0.791± 0.2% 0.776 ± 0.7% 0.001
cpΩ¯2 (c0(p) + c1(p)x)Ω¯
2 1.138± 0.1% −1.431± 0.3% 0.001
Table 5
Expansion Coefficients for the Effective Gravity for Rapid Rotation. See Equation (50) for
definitions.
Quantity Equation d0(e,p,60) d1(e,p,60) d2(e,p,60) σ
deΩ¯4 (d1(e)x+ d2(e)x
2)Ω¯4 −1.315 ± 0.3% 2.431± 0.5% 0.009
feΩ¯6 f1(e)xΩ¯
6 −1.172 ± 0.3% 0.009
dpΩ¯4 (d1(p)x+ d2(p)x
2)Ω¯4 0.653 ± 1.2% −2.864± 0.7% 0.016
fpΩ¯6 f1(p)xΩ¯
6 0.975 ± 0.7% 0.016
d60Ω¯4 (d1(60)x+ d2(60)x
2)Ω¯4 13.47 ± 0.2% −27.13± 0.2% 0.007
f60Ω¯6 f0(60)Ω¯
6 1.69± 0.2% 0.007
an order of magnitude smaller than the oblateness and centrifugal corrections. The correction terms arising from the
β terms are of the next post-Newtonian order and are negligible.
In the slow rotation limit for the effective gravity, each term depends only cos2 θ or sin2 θ. This allows the simple
approximation
g(θ)
g0
=
(
1 + ceΩ¯
2 sin2 θ + cpΩ¯
2 cos2 θ
)
, (48)
where the expansion coefficients for the equatorial and polar accelerations are
g(e,p)
g0
= 1 + c(e,p)Ω¯
2 = 1 + (c0(e,p) + c1(e,p)x)Ω¯
2. (49)
The shapes of the g/g0 versus cos θ curves for slow rotation (Ω¯
2 = 0.1) shown in Figure 1 are very well approximated
by the functional form given by Equation (48). Since there are only two independent functions of cos θ in Equation
(48) the values at all latitudes are given once the values at the pole and equator have been determined. We computed
a wide range of stellar models with Ω¯2 ≤ 0.1, as described in Section 3. For each model the effective acceleration due
to gravity at the equator and at the pole has been computed. An empirical least-squares fit for the dependence of
the effective accelerations on the dimensionless parameters yields the best-fit functional form shown in Equation (49).
The best-fit values for the expansion parameters are shown in Table 4.
6. RAPID ROTATION
For rapidly rotating stars we expect a few changes from the simple formula (48). At higher rotation rates (Ω¯2 ≥ 0.1),
the star’s surface will be more deformed, and higher order multipole moments in the star’s gravitational field will become
important. As seen in Figures 1 and 2, the dependence on angle is somewhat more complicated than suggested by
the slow rotation formula (48) and the deviation from a constant value of acceleration over the surface of the star is
more pronounced. We have found a better fit for the effective acceleration at larger angular velocities can be found by
adding a term linear in cos θ to the slow rotation fit. Since there are three independent angular functions (cos θ, cos2 θ,
and sin2 θ), empirical fits can be found by computing the acceleration at three points on the surface. We have chosen
to do this calculation at the equator, the pole and at an angle of 60 degrees from the pole. This leads to the following
empirical formula for the effective acceleration due to gravity on the surface of a rapidly rotating neutron star,
g(θ)
g0
= 1 + (ceΩ¯
2 + deΩ¯
4 + feΩ¯
6) sin2 θ + (cpΩ¯
2 + dpΩ¯
4 + fpΩ¯
6 − d60Ω¯4) cos2 θ + d60Ω¯4 cos θ. (50)
The values of the coefficients in Equation (50) shown in Table (5) were found by computing the values of the effective
acceleration at three latitudes (cos θ = 0, 0.5, 1) for a large range of stellar models with Ω¯2 ≤ 1.0. The least-square fits
for the coefficients were performed while imposing the constraint that the coefficients ce,p have the same values given
by the slow-rotation fits in Equation (49). Allowing the values of ce,p to vary in the fits did not significantly improve
the quality of the fits.
In Figure 3, the dimensionless effective gravity for approximately 39,000 neutron star models constructed with the
EOS listed in Section 3 are shown with points that form two surfaces. The red crosses denote values of acceleration
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Figure 3. Normalized effective acceleration due to gravity as a function of M/R and Ω¯2. Each point corresponds to a neutron star model
computed with one of the EOS listed in Section 3. The lower surface defined by red crosses are values of acceleration at the equator, while
the upper surface defined by yellow squares denote values of the acceleration at the pole. The solid and dashed black surfaces corresponds
to the best fit function given in Equation (50), evaluated at cos θ = 0 and cos θ = 1 respectively.
at the equator while the yellow squares denote values of acceleration at the poles. Each set of points forms a surface
(upper surface demarked by squares, lower surface demarked by crosses) that is independent of the EOS. The best fit
to these surfaces, Equation (50) is plotted as a solid (for equatorial acceleration) or dashed (for polar acceleration)
gridded surface.
7. DISCUSSION AND CONCLUSIONS
In this paper we computed the effective acceleration due to gravity as measured in the rotating frame on the surface
of a rapidly rotating relativistic neutron star. We find that the effective gravity can be written as the simple function
g(θ) = c(M/Re,Ω
2R3e/(GM), θ)g0, where g0 = GM/(R
2
e
√
1− 2GM/Rec2) is the acceleration due to gravity on the
surface of a non-rotating relativistic star. The dimensionless function c has a universal form in that it is almost
independent of the neutron star’s equation of state, and only depends on the dimensionless parameters x = M/Re
and Ω¯2 = Ω2R3e/(GM) as well as latitude on the star’s surface. The dimensionless function c is expanded in the slow
rotation limit to bring about an intuitive understanding of the contributions to the effective gravity arising from the
centrifugal force, the oblate shape and the quadrupole moment of the gravitational field. In addition, we provide an
empirical fit to the function c for rapid rotation. As expected, the effective centrifugal force decreases the effective
gravity, while the centrifugal flattening of the star into an oblate shape increases the effective gravity at the poles. In
addition, the quadrupole moment of the gravitational field increases the effective gravity at the equator and decreases it
at the poles, however the quadrupole correction is a small correction to the main effects due to the effective centrifugal
force. For all rotation rates and compactness ratios, the increase in the effective gravity at the poles is of the same
order of magnitude as the decrease in the effective gravity at the equator.
The slow rotation limit (Ω¯2 ≤ 0.1) is a good approximation for neutron stars and pulsars with spin frequencies up
to about 600 Hz. This statement is EOS dependent, but it would take a very low mass and large radius (say 1.0M⊙
and 15 km) to bring Ω¯2 up to 0.3 which is the maximum value of the spin parameter that the slow rotation limit
can be applied to. For the observed ms-period pulsars and accreting neutron stars, the slow rotation approximation
for the effective acceleration, Equation (48), is valid. Using this approximation, the difference between the effective
acceleration at the pole and equator is
gp − ge = g0Ω¯2(|cp|+ |ce|) = g0Ω¯2(1.93− 2.2M/Re). (51)
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Similarly, the fractional change (compared to the equator) is
gp − ge
ge
= Ω¯2(|cp|+ 2|ce|) = Ω¯2(2.72− 3.0M/Re), (52)
which is close to 3 times larger than the estimate (gp − ge)/ge ∼ Ω¯2 used by many authors (for example, see Watts
(2012)). For one of the representative stellar models with Ω¯2 = 0.1 and M/Re = 0.195 given in Table 2, the fractional
change in the effective acceleration with respect to the equator is 0.2, or a 20% change.
Most atmosphere models include a dependence on the effective acceleration due to gravity as one of the parame-
ters.Typically, the dependence is on the logarithm of the surface gravity. It is useful then to compute the difference in
the logarithm of the surface gravity at the pole and at the equator,
log(gp)− log(ge) = Ω¯2(|cp|+ |ce|). (53)
For the same representative models, this is a difference of 0.15 in dex. Although this seems like a small change, this
is the same change in acceleration one would find by changing the mass of the star by 15%. Changes of this order of
magnitude make small but visible changes to the flux predicted by Hydrogen atmosphere models (Heinke et al. 2006),
which are used to model X-ray transients and X-ray ms-pulsars. The X-ray pulsars studied by Bogdanov (2013) are
rotating slowly enough (ν⋆ ∼ 200 Hz) that the latitudinal dependence of the effective acceleration is not important.
However, the X-ray transients (such as EXO 0748-676 with a spin frequency of 552 Hz) are spinning rapidly enough
that the change in gravity over latitude may affect the interpretation of observations such as those by Degenaar et al.
(2014). Similarly, atmosphere models (Suleimanov et al. 2011) for neutron stars undergoing Type I X-ray bursts also
depend the effective gravity.
The Type I X-ray bursts observed in some X-ray binaries are caused by unstable nuclear burning on the surfaces
of neutron stars (see Galloway et al. (2008) for a review). There are at least 10 bursting neutron stars with spin
frequencies of 500 Hz or more (Watts 2012), which is fast enough that the change in gravitational acceleration over
the surface is a significant factor. In early studies of Type I X-ray bursts (Spitkovsky et al. 2002), it was argued that
the ignition would take place at the equator since that is where the effective acceleration due to gravity is smallest.
However, Cooper & Narayan (2007) showed that the critical mass-accretion rate, which is the largest rate that allows
unstable nuclear burning, varies with the effective gravity as M˙ ∼ g(θ)3/2. This leads to range of mass accretion rates
that are too high to allow ignition at the equator, but allow ignition at higher latitudes due to the higher surface
gravity. Since the fractional change in the effective acceleration is about 2.5 times larger than that estimated by
Cooper & Narayan (2007), the range of mass accretion rates that could lead to high latitude ignition is larger, roughly
20-30% of the critical mass accretion rate at the equator. Maurer & Watts (2008) have shown that there is good
evidence that off-equatorial burst ignition is taking place in the burster 4U 1636-536 and may be relevant in other
Type I X-ray bursters.
The Eddington luminosity at the surface of a neutron star can be written
LEdd = L0
R2(θ)(1 − 2M/R(θ))g(θ)
M
, (54)
where L0 is the regular expression for the Eddington luminosity (see O¨zel (2013) for a review) in flat space
L0 =
8piGMmpc
(1 +X)σT
, (55)
which is independent of the star’s radius. In Equation (54), the factor (1 − 2M/R) corresponds to the gravitational
redshift of the light, and we are not considering (at this time) the extra Doppler shift due to rotation. The dependence
of the Eddington luminosity on the effective gravity leads directly to a reduction of the Eddington limit at the star’s
equator and an increase at the poles. The Eddington limit at the equator is
LEdd,e = L0(1− 2M/Re)1/2(1− |ce|Ω¯2), (56)
while at the pole it is
LEdd,p = L0(1− 2M/Rp)1/2, (57)
where we are approximating the effective gravity at the pole by just the oblate term given by Equation (45). The ratio
of the gravitational redshift terms at the pole and equator is of order O(Ω¯2 ×M/R) so the term proportional to ce is
the most important correction due to rotation. For stars with a rotation parameter near Ω¯2 = 0.1, we then expect a
difference in the Eddington limit of up to 10% between the poles and equator. It should be noted that Lamb & Miller
(1995) carefully considered the effect of rotation on the Eddington limit and found no changes. However, their analysis
was for stars rotating more slowly than the ones that we consider, so there is no conflict in our results.
During a photospheric radius expansion (PRE) burst, the flux generated by the Type I X-ray burst is large enough
to exceed the Eddington limit, causing the photosphere to expand to many times the radius of the star (Lewin et al.
1993). The change in the Eddington limit given above is only valid when the atmosphere is in hydrostatic equilibrium
and co-rotating with the rest of the star. As the photosphere expands, if the material continues to co-rotate, it will
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quickly reach the mass shed limit which will have the effect of taking the material in the photosphere out of co-rotation.
At the end of the burst, the flux is reduced to below the Eddington limit and the photosphere ”touches down” onto
the surface of the star, regaining hydrostatic balance and co-rotation. Since the Eddington limit is largest at the
poles and smallest at the equator, we expect that touch-down first occurs at the poles and then quickly moves down
to the equator as the atmosphere cools. The relevant Eddington flux that should be equated with the asymptotic
”touch-down” flux is the Eddington flux at the equator. This will introduce correction terms for the masses and radii
derived (for example see O¨zel et al. (2012)) from measurements of PRE-bursts for the most rapidly rotating stars,
such as KS 1731-260 which has a spin of 524 Hz. A full treatment of the corrections arising from rapid rotation on
the masses and radii derived from PRE burst is beyond the scope of this paper and requires an examination of the
apparent area of the bursting star (Baubo¨ck et al. 2012) as well as raytracing to find the mapping between the locally
produced flux and the flux measured at infinity.
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